Can an atomically thin mechanical resonator render response of a resonator that is 10 4 times heavier than it, nonlinear? Here we find that strong back-action force of a freely suspended graphene drum resonator mode, with tunable coupling to a large area silicon nitride (SiNx) resonator results in nonlinear response of the significantly heavier and otherwise linear SiNx mode. Robust coupling of pristine graphene to SiNx substrate further amplifies the force. We develop a methodology based on observation of a novel frequency comb, to quantify nonlinear coefficients of these hybridized modes. We measure a giant induced nonlinear Duffing coefficient of β s hyb = 8.0(±0.8) × 10 21 N/m 3 , on the SiNx resonator surface. Such 'giant', tunable nonlinearity induced in a high-Q SiNx resonator mode by graphene 'cavity' can find applications in precision measurements and in processing classical and quantum information with mechanical resonators.
For more than a century, mechanical resonators [1] have played a central role in measuring new forces [2] [3] [4] and testing fundamental physical principles [5] [6] [7] [8] . With the advent of microscale and nanoscale mechanical resonators, and in particular, after experimental observations of their quantum ground states [9] [10] [11] [12] , there has been a renewed interest in usage of such resonator modes as bits of information in classical [13] and quantum regimes [14, 15] . Accordingly, significant progress has been made in two broad directions over the last decade. On one hand, resonators with high quality factor (Q) at high resonant frequency (f 0 ) have been developed to get to a regime of Q × f 0 ≥ 10 14 Hz where one expects to resolve their quantum states over classical fluctuations at room-temperature. Silicon Nitride (SiNx) has emerged as a dominant material of choice [16] for such resonators, demonstrating Q's in excess 10 7 at MHz frequencies [17] [18] [19] . On the other hand, progress has been made in characterizing nonlinear response of mechanical modes, towards nonlinear phase shifting, controlled mixing, and processing bits of information [13] . Freely suspended graphene resonator-which has low mass and high Young's modulus [20] [21] [22] [23] resulting in exceptionally nonlinear elastic properties-has been extremely efficient as a choice of material; mixing [24] [25] [26] [27] [28] [29] [30] and sideband cooling of its strongly coupled modes have been observed [31, 32] . Developing a platform that can integrate these two directions of progress, by combining high quality factors of SiNx resonators with strong nonlinear response of graphene resonators should therefore be the next logical step.
Here we explore a hybrid platform consisting of a large area SiNx resonator coupled to an atomically thin, freely suspended graphene that is deposited on holes etched on SiNx. We find that when a mechanical mode of graphene is electrostatically tuned into resonance with a SiNx mode, the two resulting hybrid modes become nonlinear in their response to an external driving force ( fig. 1a) . To estimate the corresponding effective nonlinear coefficients of the hybrid modes, we drive the system parametrically and observe generation of a novel phase coherent frequency comb [24] [25] [26] [27] [28] [29] [30] in displacement power spectra. The comb carries unique signatures of nonlinear response of the hybrid modes. We develop a methodology to estimate Duffing constant and nonlinear damping of the hybrid modes from measured amplitudes of the frequency comb and our estimates match well with results of numerical modelling. The model suggests that giant induced nonlinearity [33] of the hybrid mode as measured on SiNx is due to a large back-action force from the low-mass and highly nonlinear graphene resonator that robustly couples to the SiNx resonator mode. Our results thereby combine two directions of development of electromechanical resonators in a single hybrid device, providing tunable nonlinear response of a relatively high-Q mechanical mode of a large area, heavy SiNx resonator ( fig. 1a) [16] .
Nonlinear response of graphene-SiNx hybrid
The device consists of a 300 nm thick SiNx resonator of dimensions 320 × 320 µm 2 , with through holes of diameters 10, 15, and 20 µm etched on to it (fig. 1b) and monolayer (CVD) graphene is deposited on the holes [34] . Both graphene and SiNx resonators are actuated electrostatically with a highly doped silicon back gate, separated by 7 µm insulator which results in net separation of 10 µm between graphene and back gate. A fiber based confocal microscope, as part of a path stabilized Michelson interferometer, is used to detect optical signals reflected from the sample (3d cartoon of fig. 1a ). Using thermal spectrum of graphene, we calibrate the power spectrum with a detection sensitivity of ∼ 0.17 pm/ √ Hz. When the microscope is focused on a 20 µm freely standing graphene membrane, we observe thermally driven modes, corresponding to that of a circular resonator with anisotropic tension. The modes are tunable in excess of 1 MHz with a d.c. gate voltage ( fig. 1c ) and as we tune from 0 V to 250 V, we see distinct avoided level crossing that signals hybridization with modes of a SiNx resonator ( fig. 1c and right panel) . In a recent work we have found that a bilinear coupling model fits well with observed hybridized Brownian spectra and from that fitting, we extract the quality factors: Q g ∼ 254 for graphene and Q s ∼ 3800 for SiNx [35] . The effective mass of the graphene mode, estimated from dispersion of fig. 1c is estimated at m g ∼ 10m 0 , where m 0 is the mass of a single layer of graphene [35] . We estimate the effective mass, m s , of SiNx from its dimensions and density, and find it to be ∼ 10 4 m g [35] .
Comparatively heavier mass of SiNx results in smaller amplitude for the Brownian power spectrum, which is below our detection sensitivity (see sec. II, S.I.). However, when the device is actuated with a.c. gate voltage and the microscope is focused on SiNx away from graphene, we observe dense distribution of SiNx resonator modes ( fig. 1d) When SiNx modes are not hybridized with graphene, the peak amplitudes increase linearly with applied a.c. gate voltage, up to a maximum amplitude of 20 V that we can apply in our experiment. In particular, we measure three modes of SiNx at frequencies 3.071 MHz (mode 1), 3.092 MHz (mode 2), and 3.146 MHz (mode 3) as shown in fig. 1e . When the low-Q fundamental mode of graphene is tuned into resonance by applying a d.c. gate voltage V g = 210 V, we observe frequency shifts of the three modes (∼ 4 kHz) along with nonlinear response to the applied voltage ( fig. 1f) . The data fits well with the model of ref. [22] , for the steady state amplitude (x s ) of a forced oscillator with an additional nonlinear response that is cubic (Duffing) in x s . From fitting, we extract the effective Duffing constant, β s hyb , for example, for the hybrid mode 2 to be β Towards understanding giant nonlinear coefficients What leads to such giant Duffing constants for the hybridized SiNx modes? Aforementioned good fit to a Duffing model of the SiNx hybrid mode implies that the third order response is due to its hybridization with graphene, a highly nonlinear Duffing oscillator. It is therefore critical to characterize the Duffing constant of our bare graphene resonator. We have indeed observed distinct signatures of Duffing-like hysteresis in response and asymmetric broadening due to nonlinear damping, when the graphene mode is driven hard at resonance with an a.c. gate voltage (see sec.III-A, S.I.). Recent studies have characterized Duffing coefficient and nonlinear damping of such driven graphene resonators by accurate fitting of data to theory [21, 22] . However, for our device, hybridization of a single graphene mode with multiple SiNx modes results in several free parameters, leading to large errors in the estimated Duffing constants from curve fitting. This calls for an an alternative methodology to estimate nonlinear parameters.
Parametric drive
The analysis of the system simplifies, when we drive the system parametrically at a frequency that is sum of two dominant hybrid modes ( fig. 2a) [35] . The two-phonon resonant nature of the forcing specifically drives only two of the hybrid modes, leading to parametric gain having the other modes aside. Furthermore, novel spectroscopic signatures develop in the form of phononic comb . In rest of the letter, we develop a methodology based on observations and a model, to estimate Duffing constants of bare graphene as well as that of the hybrid modes as measured on graphene and on SiNx resonator surfaces. The parametric drive provides insights into the underlying nonlinear mechanism and the methodology based on the model provides a novel alternative technique, as opposed to curve fitting, to estimate β s hyb ( fig. 1e ).
To parametrically drive the system, we first tune the fundamental mode of graphene at a frequency, ω 0 = 2.865 MHz, at which it strongly hybridizes with a SiNx mode. With the microscope focused on the graphene, hybridization of modes is distinctly visible in the form of a splitting of the Brownian mode primarily into two modes, at frequencies, say, ω 1 and ω 2 . We simultaneously apply an a.c. gate voltage (parametric pump) at exactly twice the resonant frequency, ω 0 ( fig. 2a) . As the amplitude of the parametric pump voltage is increased, up to a threshold voltage V c = 11.9 V we observe gain in both the hybridized modes (see S.I. and [35] ). Above this threshold, equispaced new frequency components on either side of the two hybridized modes emerge. The number of such modes increases with increasing pump voltage and eventually the modes span out into a "comb" like pattern with a triangular envelop ( fig. 2b) . The shape of the envelope is mildly asymmetric on either side of ω 0 . The separation between the modes decreases with the increasing pump voltage. 
Theoretical model
Towards developing a functional understanding, we consider a model of graphene as a 1d oscillator with a quality factor Q g , a third-order nonlinear response described by an effective Duffing constant (β g bare ) along with nonlinear damping (η g bare ) [21, 37, 38] , coupled to a linear SiNx resonator mode. Specifically, we simulate the following set of equations:
Here α is an effective coupling constant, x g,s are the amplitudes of vertical displacements of graphene (g) and SiNx (s) resonators modes respectively, and p denotes the magnitude of the parametric drive. β g bare is the Duffing constant of the bare graphene resonator mode while η g bare is the coefficient of nonlinear damping.
Features of numerically simulated spectra is in excellent agreement with the experimental observations (see sec. VI, S.I.). By fitting simulation to the calibrated spectra, we get an estimate for the Duffing constant of the bare (non-hybridized) graphene mode [23] to be β g bare = 5.8 × 10
13 N/m 3 with a nonlinear damping coefficient η g bare = 9.7 × 10 6 Ns/m 3 , in close agreement with recent measurements [22, 23] .
Furthermore, experimentally measured comb spectra provides a direct means of quantifying nonlinear coefficients of the two hybrid modes ( fig. 3) . It is well understood that response of a parametrically driven oscillator mode becomes unstable above a threshold [39] [40] [41] [42] , above which, the instability region extends to form a tongue fig. 3d shows a pulse sequence that is Fourier-transform limited, confirming that the pulse is phase coherent.
shaped region in the parameter space. The envelope of the tongue is set by pump amplitude, nonlinear frequency, and damping. Therefore, for the two hybridized modes-hybrid mode 1 and hybrid mode 2-respectively with frequencies, ω 1 and ω 2 , there should be two such independent instability tongues ( fig. 3a) . Consequently, there ought to be a region of overlap (dark region II, fig.  3a ), [43] . While region I and region III correspond to selfoscillation of hybrid modes 1 and 2 respectively, in the overlap region II the system is multi-periodic with frequencies ω 1 and ω 2 . Moreover, in the instability region, large amplitude leads to strong nonlinear response. One therefore expects mixing of two accessible frequencies in the overlap region II. The expected behaviour of the system in the aforementioned three regions is distinctly visible when we vary the pump frequency across ω p = 2ω 0 at a fixed drive amplitude, V p (dotted line in fig. 3a) (fig. 2a ). In particular, we scan the frequency over 20 kHz across 2ω 0 keeping its amplitude fixed at V p = 20 V ( fig. 3b ). We indeed observe single frequency self-oscillation regions I and III, on either side of region II that is characterised by the frequency comb ( fig. 3b ). As the final validation, we note that the experimental observations match well with numerical simulations ( fig. 3c ). fig. 3a therefore indicates that the right and the left boundaries of region II correspond to the instability tongues of the hybridized modes, viz., mode 1 and mode 2, respectively. One can then ascribe the observed asymmetry of the envelope of fig. 2b to that of different effective nonlinearities of the two hybrid modes. Furthermore, balancing the amplitudes of the new modes generated due to effective cubic nonlinearity (β pend on the pump voltage and this dependence, along with the estimations from data, are in good agreement with numerical simulations (see S.I.). This substantiates our methodology for estimating and quantifying the effective nonlinear coefficients of the two hybrid modes.
Diagram of
There is a definite nonlinear phase relationship of the generated modes with respect to the fundamental modes, at frequencies ω 1,2 , and in principle, the nonlinear coefficients can also be estimated by carefully measuring relative phases of the generated modes. For the spectrum of fig. 3d , we observe pulses in time domain ( fig.  3e ). Repetition rate of the pulses correspond to inverse of 2∆ = ω 1 −ω 2 , pulse width to inverse of the envelope of the generated comb while the carrier frequency to inverse of the carrier frequency ω 0 = 2.760 MHz ( fig. 3d ). The frequency comb of the hybrid mode is therefore phase coherent and Fourier transform limited.
It can be noted that due to widely varying masses and quality factors of the two physical resonators, values of Duffing coefficients of a hybrid mode would differ when measured on graphene or on SiNx resonator surface (see sec. V, S.I.). Interestingly, signature of the comb spectrum is also observable, when the microscope is focused on the surface of the SiNx resonator ( fig.  4) . However, the amplitude of oscillations is orders of magnitude smaller than that on graphene, due to significantly heavier mass of SiNx. Accordingly, signatures of measured spectrum are less pronounced. Nevertheless, we use the developed methodology to estimate Duffing coefficients of the hybrid modes on SiNx. In fig. 4 , we focus on a SiNx mode at 2.970 MHz, while applying a parametric drive at twice its resonant frequency. When the fundamental graphene mode is off-resonant, we do not observe any parametric gain (blue region on the left of fig. 4a and black dots in the right inset). However, when the graphene mode is tuned across resonance with a gate voltage between 193 V (approx.) to 200 V, we observe generation of frequency comb as well as single frequency self-oscillation regime. Furthermore, the induced nonlinearity of the hybrid mode extends over the entire SiNx surface and we observe generation of combs at distances in excess of 200 µm from the edge of the graphene drum that is only 20 µm in diameter ( fig. 4b, bottom panel) . Essentially, the localized mode of the graphene acts as a defect center, on the large area oscillating mode of SiNx. 2 g (see sec. V, S.I.) and indicates graphene to be a powerful candidate to induce such giant nonlinearity due to three primary factors: firstly, pristine graphene robustly couples to SiNx substrate via stable electrostatic forces resulting in a large coupling strength (α). This also leads to better device yield. Secondly, low mass of graphene (m g ) results in a large amplitude (x g ) of oscillation, boosting the force further. Finally, exceptionally large Young's modulus results in large nonlinear response (β g bare ) [22] to an applied force. Large tunable backaction force of graphene thereby emerges as the dominant mechanism behind observations in this work.
For our device, the tension of SiNx resonator is merely 80 MPa [16] , leading to comparatively lower quality factors (∼ 3000 on average), along with a dense distribution of SiNx modes ( fig. 1d ). An immediate improvement can therefore be towards increasing inbuilt tension of the SiNx resonator, so that one can resolve mode shapes distinctly and observe graphene induced interaction between SiNx modes of quality factors in excess of 10 6 , possibly in a quantum regime. With this improvement, the hybrid device proposed here can provide a new platform for generating nonlinearity induced mechanical squeezed states in precision measurements and for controlled nonlinear phase shifts in long lived mechanical bits of information, both in classical and quantum domains at room temperature.
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Method:
Experimental setup:
Motion of graphene and SiNx mechanical resonators are detected with a confocal microscope (spot-size of 4 µm), using a probe laser (ECDL, Toptica) at a wavelength of 780 nm. The microscope forms one arm of a Michelson interferometer while a second (reference) arm is actively stabilized using PI lock box to counter ambient vibrations. The probe, derived from a frequency and power stabilized external cavity diode laser, is detected with a balanced photo-detector of bandwidth of 45 MHz. Subsequently, a spectrum analyser (Lock in) is used to detect (drive) displacement power spectrum of the graphene or SiNx target resonator. The sample is placed in a rough vacuum chamber (at a pressure of ∼ 10 mTorr), along with high voltage gate contacts at room tempreature. The chamber in turn is placed on a 3D scanning stage (Thorlabs) having active position locking, with a closed-loop position stability of 5 nm.
Sample Preparation:
SiNx membranes (thickness 300 nm) are fabricated by depositing low-stress silicon-rich silicon nitride on both sides of a silicon chip. An array of holes of 15 and 20 um diameter is then patterned in the nitride using standard fabrication procedures. A metallic contact (20 nm Au) is deposited onto the top surface of the SiN to facilitate electrical gating. Monolayer chemical vapor deposition (CVD) graphene is then transferred onto holes in the nitride membranes. We use a high-quality atmospheric CVD growth and wet transfer. The samples are subsequently annealed in an Ar − H 2 environment at 350
• C. The graphene membranes remained clamped to the sample chip via van der Waals interactions forming suspended circular graphene membranes. For detection, we use a balanced photo-detector with a detection bandwidth of 45 MHz. We position the sample by actively monitoring the generated 2-d confocal image, which helps in selecting the relative probe position and to lock the microscope there. The photo-current signal is analysed with spectrum analyzer and dual-lock-in-amplifier. Fig.  1c, 2b, 3b, 3d, 4a and 4b in the main text and S. 2, S. 11 and S. 14 in the supplement are taken with spectrum analyzer while fig. 1d -f in the main text and S. 3-6 and S. 16 in the supplement are acquired by scanning the drive frequency from a lock-in-amplifier.
Supplementary Information
: Giant Tunable Mechanical Nonlinearity in Graphene-Silicon Nitride Hybrid Resonator
II. Displacement calibration from hybrid Brownian spectrum
Our model is based on coupled modes of graphene and SiNx resonators, denoted by 1-dimensional displacement x g and x s , respectively. For thermally driven graphene and SiNx modes we can ignore the nonlinear terms. The equations of motion are given by:ẍ
where
is the thermal force acting on graphene (g) and SiNx (s). The calibration factor, κ along with several parameters are extracted by fitting experimental data, S This model can be extended for graphene interaction with multiple SiNx modes. The supplemental information of Singh, R. et.al. [1] can be referred for more information. The sample consists of a large area SiNx resonator (320×320×0.3 µm 3 ), with 20µm, 15µm and 10µm diameter circular holes etched on to it over which monolayer graphene has been deposited, thereby forming drums that are clamped to SiNx at the edges via Van der Waals forces while its rest of the part is freely hanging. When the microscope is focused on graphene, we observe its thermal spectrum in the electronic spectum analyser. . 1c (main text) shows the dispersion of fundamental mode of graphene as a function of changing tension of the graphene membrane via dc gate voltage. Mode profiles deviate from an expected Lorentzian shape, due to its interaction with densely packed, multiple SiNx modes. Such interactions lead to sharp dips and Fano-like asymmetry in graphene spectrum ( fig. S.3a) . The asymmetry gets more pronounced in when the graphene mode is driven on resonance. The corresponding phase profile shows an overall envelop of π-phase flip when we go through the broad graphene resonance. However, the finer features in the phase profile with sharp π phase flips, correspond to individual SiNx modes which are coupled to the graphene mode with varying coupling strengths.
When driven harder, graphene shows a typical asymmetric signature that is typical of a Duffing oscillator with cubic nonlinear response in displacement ( fig. S.3b ). Forward and backward sweeps of drive frequency shows hysteresis in both the amplitude and phase. Fig. S.4a shows transition from a linear response to a Duffing-like nonlinear response for the graphene mode, coupled to multiple SiNx modes. The spectrum shows an increase in the (full width at half maximum) FWHM with increasing drive voltage, pointing towards the existence of nonlinear damping. The amplitude of the graphene modes with drive voltage show saturation after a certain drive voltage and the critical voltage for saturation is specific to a given mode ( fig. S.4b) .
B. Modes of large area Silicon Nitride resonator
Silicon Nitride is a large area (320 × 320 × 0.3µm
3 ) resonator with through holes. Fig. S .5 shows the amplitude and phase of weakly driven SiNx modes. The modes are densely packed with quality factor in the range of 1000-4000. From COMSOL simulation, we estimate the inbuilt tension, T s ∼ 80 MPa. 
C. Nonlinear response of hybrid Silicon Nitride modes under direct driving
We observe a driven SiNx mode, when far detuned from graphene mode, respond linearly to an applied forcing (via ac gate voltage). However, for a SiNx mode coupled to a graphene mode, its response is nonlinear and shows saturation in amplitude above a critical displacement. We first calibrate the SiNx amplitude (23.7 fm) at 20 mV drive voltage, by carefully comparing it with the calibration value of graphene's Brownian spectrum, keeping all other detection parameters constant.
To quantify nonlinear response of the SiNx modes, we follow the procedure described in D. Davidovikj et.al. [2] . We first extract the slope from the linear region of x s vs V ac plot ( fig. 1e, main text) . The rescaled force F corresponding to the V ac is given by,
This rescaled force is plotted with x s , the steady-state response of a Duffing oscillator, such that [2] :
where C = It is remarkable to note that the hybrid modes of SiNx are well described by a Duffing-oscillator model and therefore, induced SiNx nonlinearities can be effectively described by Duffing constants for hybrid modes.
IV. Giant induced nonlinearity measured on SiNx surface
Here we provide few technical justifications for our usage of the term giant nonlinearity for Duffing constant as measured SiNx surface of graphene-SiNx hybrid modes. Our justifications is based on three estimates, all of which show orders of magnitude changes: (1) a comparison of nonlinear threshold of our hybrid modes to that of bare SiNx resonators without hybridization, as measured by different groups [4] . (ii) a comparison of average thermal displacement and threshold displacement (x cr ) for the onset of nonlinearity for bare graphene, SiNx and hybrid SiNx modes show five orders of magnitude reduction of Duffing constant for hybrid modes. (iii) Following the work of D. Davidovikj et. al. [2] , we use our estimated Duffing constant in to estimate corresponding effective Young's modulus of the bare or hybrid material. We find many orders of magnitude enhanced, effective Young's modulus, calculated this way. We further discuss the importance of having induced and tunable nonlinearity of the technologically important SiNx resonator modes.
A. Comparison of nonlinear threshold displacements for bare and hybrid SiNx resonators:
The threshold displacement corresponding to the bare SiNx (x s,cr bare ) is extracted using following relation: D. Davidovikj et. al. [2] suggest that effective Duffing constant can be used to estimate Young's modulus for the underlying resonator material. Using their relation [2] ,
where E g i and β g i (i = bare, hyb) denotes Young's modulus and Duffing constant of bare and hybrid graphene respectively whereas ν g ,R g and t g represents its Poisson ratio, radius and thickness respectively, we estimate Young's modulus for our measured Duffing constants. For bare graphene, ν g = 0.165, R g = 10 µm, t g = 0.34 nm and β The Young's modulus for square membrane [5] is given as: 
D. Relevance of induced nonlinearity of SiNx modes:
SiNx resonators have shown significant promise towards quantum mechanics dominated dynamics for high-Q mechanical resonators at room-temperature. However, one needs to engineer nonlinearty in such a quantum device, to make it useful, Fluctuations of a classical resonator in thermal state is similar in shape in phase space to that of fluctuations of a harmonic oscillator dominated by zero point motion. For the resonator to be useful for precision measurement, one requires to squeeze the fluctuations in one quadrature, which requires nonlinear interactions. Similarly, for operations in quantum information devices, it is necessary to have condition switching and phase shifts, both of which requires nonlinear interactions of and between modes.
E. Relevance of tunable nonlinearity of SiNx modes:
While high-Q of SiNx resonators can result in resolving quantum fluctuations at room temperature, simultaneously storing a bit of information for a long time. On the other hand, as argued in the previous section, nonlinear response of graphene mode is necessary for inducing conditional logic or squeezed states. One would therefore like to tune effective nonlinearity in and out of resonance. Our device precisely allows to do this.
V. Theoretical model
Here we discuss details of numerical simulations based on the model of coupled linear and non-linear oscillations of varying masses and quality factors. In this section, we analyse the model to provide evidence for the conjecture that the system is well described by hybrid modes, akin to that of normal modes for a corresponding linear system.
A. Coupled linear SiNx and nonlinear graphene resonator
Our model is based on coupled modes of graphene and SiNx resonators, denoted by 1-dimensional amplitudes x g and x s , respectively and is described by the set of equations:
where γ k bare and ω k (k = g, s) represent linear damping and frequency of graphene and SiNx modes. Nonlinearity of graphene is quantified with two parameters: nonlinear damping η g bare and a cubic nonlinear response, characterized by its Duffing coefficient β g bare . The graphene mode is bilinearly coupled to a SiNx mode which is modelled by an effective interaction Hamiltonian, H int = αx g x s , where α is a coupling constant. SiNx is considered to be a linear oscillator in the range of forcing that we apply in our experiments.
B. Normal modes at low-amplitudes: probe on graphene and on SiNx resonators
At low external forcing, one can ignore nonlinear terms and thereby define two normal modes x 1 and x 2 . These modes extend over the entire device. However, we detect either on graphene (x g ) or on SinX (x s ), which can be expressed as: The detected amplitudes of normal mode x 1 (or x 2 ) on grpahene or SiNx are scaled by the ratio of square-root of respective masses (m s /m g ∼ 10 4 ). As a result, amplitude of normal mode 1(mode 2) on graphene i.e. The difference in scales of Duffing constants measured on SiNx and on graphene surfaces, can be understood in the following way: it can be noted that the nonlinear forcing (F N L ) of a hybrid mode is uniform all along the spatial extent of the mode (later, in sec.V-E we argue for using effective normal mode models to understand steady state dynamics). However, since the hybrid mode for our device has physically two different kinds of oscillators with varying masses and surface areas, the force can be expressed as:
. This is in accordance with our measured values of β g,s eff on graphene and on SiNx and provides a simple explanation of the giant nonlinearity measured on SiNx resonator surface.
D. Perturbative estimation II: effective nonlinearity
To get an estimate of effective scaling of induced Duffing constant of SiNx hybrid mode ,β s hyb , to that of graphene's mass (m g ), bare Duffing constant, β g bare and coupling α, perturbatively, let us consider the following simplified equations:ẍ
where we have ignored damping and α i = α/m i , (i = g, s). For uncoupled graphene mode (α g = 0) and assuming β g hyb x 3 g 1, standard perturbation methods yields a (zerothorder) solution of the form:
where A g is a constant set by initial conditions. Substituting this zeroth order expression of x (0) g in eqn. S.14, we arrive atẍ
where, we have recognized cos ω 0 t as
s when x s and x g are uncoupled) and defined:
Here, in the definition of B, we have ignored frequency correction. We further note that the sign of α s determines whether the SiNx is effectively a soft or a hard nonlinear oscillator. From the expression of β s hyb , one can then express an effective scaling as: g ẋ g and at resonance, ω g = ω s . Using eqns. S.11 and S.12 in eqns. S.9 and S.10 we geẗ
(S.20)
(S.21)
Eqns. S.20 and S.21 can be written in compact form;
where ω The reduced eqn. S.26 suggests the ansatz,
Substituing eqn. S.27 in eqn. S.22 and ignoringÄ 2,1 (rotating wave approximation) we get,
where, ∆ = ω 1 − ω 2 .
For Γ = γ = β = 0 equation S.28 becomes,
We define,
Plugging eqn. S.30 back in eqn. S.29 and dropping the terms with explicit phases like e ±(iωpt) and e ±(2iωpt) we get,
Eqn. S.31 can be written in a matrix form,
with eigen values, The above simplified analytic estimation of effective normal modes provide insight into the nature of nonlinearity: that the insight of normal modes can be extended even in nonlinearity dominated self-oscillation regime. It explains experimental observation attraction of hybrid modes, with increasing forcing amplitude ( fig. 2a,b) as an interplay of Duffing nonlinearity and nonlinear damping ( fig. S8a ). Similarly, the avoided level crossing of effective modes observed with pump detuning (fig. 3b,c) is well captured in a normal mode scenario ( fig. S8b ). Experimental evidence therefore seems to suggest that effective normal mode physic can be used to develop intuition of steady state dynamics ( fig. 3a) .
VI. Frequency comb I: estimating nonlinear coefficients
The frequency comb spectra for estimating nonlinear coefficients from frequency comb spectrum in the instability regime. The parameters obtained from section II and from Table I were used to generate simulation spectra such as fig. 2c and fig. 3c in the maintext.
A. Developing a methodology: Estimating nonlinear coefficient from simulated spectra
The parameters used in the numerical simulation of equations S.8 and S.9 were extracted by fitting the brownian spectrum ( fig. S. 2) of graphene with equation S.2. To reproduce fig. 2b (maintext) , we carefully calibrate and match the spectra by toggling the free parameters i.e. β g bare and η g bare , as the brownian spectrum was considered to be devoid of nonlinear terms. When hybrid mode is pumped at double of the resonance frequency, we observe parametric gain (fig. S.10b) in both the hybrid modes below the threshold of pump voltage. Above the threshold i.e. in the self-oscillation regime, we observe mode mixing which is attributed to the nonlinear terms in equation S.8,9. Using the amplitudes of newly generated modes, we calculate the nonlinear coefficients. We start with the amplitudes of two hybrid modes to be a 1 and a 1 , such that the corresponding displacement (measured on graphene or SiNx surface) can be expressed as:
where, ∆ is the separation between modes from the central frequency,ω 0 . As evident from fig. 2 where A 1 , A 1 , A 2 and A 2 are the amplitudes for the four hybrid modes at frequencies ω 0 − ∆, ω 0 + ∆, ω 0 − 3∆ and ω 0 + 3∆ respectively.
The observation of new generated modes are attributed to the terms with Duffing nonlinearity and nonlinear damping. Replacing x for the expressions of nonlinear damping and cubic nonlinear response terms, we get
In a frame rotating with a frequency ω 0 , the expression becomes:
This leads to generation of new pair of frequency modes (first and last terms in above expression), whose amplitudes be a 2 and a 2 such that they are separated from central frequency by ∓3∆ respectively. Further we plug eqn. S.32 in a forced simple harmonic oscillator equation and collect terms with same frequency. We obeserve that the amplitudes of new modes at ∓3∆ are related to their forcing as:
and,
Now comparing amplitudes a 2 and a 2 from eqn. S.32-36 assuming γ to be small, we get
The corresponding magnitudes are,
Similarly, to generate six modes i.e. x = (A 1 e −i∆t + A 1 e i∆t + A 2 e −i3∆t + A 2 e i3∆t + A 3 e −i5∆t + A 3 e i5∆t )e iωt , from four initial modes (eqn. S.34) and comparing the amplitudes A 3 and A 3 we get,
Solving equation S.41 and S.42 for the nonlinear coefficients, we finally get: This method gives an estimate to the nonlinear coefficients of coupled hybrid graphene-SiNx mode from spectral measurements. The parameters might seem to have some dependence on pump voltage in fig S. 12 but a definitive analysis is necessary to validate it. It will be pursued in a future work. In the preceding sections we explored the system by directly driving the graphene modes, as well as directly driving the uncoupled and coupled SiNx modes. We also parametrically pumped the coupled graphene-SiNx hybrid modes and probed them on graphene. Now since it is a mode of the entire system, we expect similar observations when we probe on SiNx. But due to huge mass of Silicon Nitride resonator, the observations are mild versions of those when probed on graphene. Fig. 4 We simulate same, and observe multi-mode generation when we probe on SiNx, where its mode was taken to be linear, β 
